The Invisibility of the Lorentz Transform in Special Relativity

Curt Renshaw


Much has been written on the reciprocity of the special relativistic transform between inertially moving reference frames.  Each time an alleged paradox is raised; careful analysis of the picture from each frame resolves the apparent paradox.  In this simple derivation of the transform, we will see conclusively why every alleged paradox disappears upon close analysis, and also shed some light on the nature of the transform itself.  We will begin with a simple Galilean view of the system of inertial frames, and from this, develop the relativistic transforms.


Imagine two observers, A and B, each in their own inertial rest frame, moving with respect to each other along the x-axis.  We place ourselves in the frame of observer A, which we call K’, and we will consider that frame to be at rest.  We will call B’s reference frame K, and it will be moving with uniform velocity, v, negatively along the x axis, or to the left in the diagram.


When the origins of the K and K’ reference frames are coincident, we will trigger a flash of light from the origin of the systems.  We will assume, as did Einstein, that the detectable speed of light is c for each observer.  Thus the time for the light to reach each observer is equal to the distance of the observer in his own reference frame from the flash divided by c.  We further establish things so that when B observes the flash, he will be next to A at that point.  We do this by setting B a distance vtB away from A at the start of the flash.  From this simple set up, we can derive the Galilean transformations for the experiment.
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From the figure we have the following relations:
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By algebraic substitution we combine (3) and (1) and obtain the following:
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We can solve (4) for tB:
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Equation (7) does not represent a change or transform in the time coordinate as we are using a simple Galilean transform.  What equation (7) tells us is that the time, tB, at which light, traveling at c in the moving K reference frame reaches the point coincident with A in the non-moving K’ frame, is later than the time, tA, at which light traveling at c in the K’ frame reaches point A.

Substituting (7) into (4) and solving for c, we obtain:
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where the last expression holds since tA=dA/c.  Continuing with the simplification, we get:
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From (10) we see that if we assume that light travels from the origin of K’, to observer B at a speed of c in his reference frame, the value of c that we obtain is the same as that determined in K measuring the speed from the origin to observer A.  This is what we would expect if the observed velocity of light is the same for observers in any inertially moving reference frame.


We can rearrange things a little in equation (10) to get some interesting results:
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where the last expression holds since tA=dA/c.  One last substitution will get us the result we need:




[image: image13.wmf]g

g

)

(

)

(

)

(

2

2

c

vd

t

vt

d

c

vd

t

vt

d

c

A

A

A

A

A

A

A

A

+

+

=

+

+

=

,
(12)

where  = (1-v2/c2)-½.  Equation (12) is an unremarkable result, as it is simply a rearranging of terms in the Galilean transform, followed by multiplying through by   Multiplying an equation by one doesn’t change anything.  Having established (12), we can create another interesting relation:
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Each of the three expressions on the right hand side of (13) are valid expressions for the value of c.  However, one cannot say that because dA/tA=dB/tB then dA=dB and tA=tB.  For example, 8/4 = 6/3, but we cannot say that 8=6 or 4=3. However, this is exactly what we do in the relativistic transformations, as shown below, where we make the following substitutions:
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Equations (15) and (16) are invalid when taken alone, but as long as we always take both terms together in a ratio d/t (or equivalent form), we’ll be internally consistent.  For example, as stated above, we can say 8=6, and 4=3, which is false, but if we want to solve 8/4, we can say:

“Multiply 8/4 by 1 in the form of 
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.  Now we can solve the problem 6/3, and get the solution to the original problem.  6/3 = 2, therefore 8/4 must also equal 2.”  


As we only ask questions about the ratio 8:4 or 6:3, we are safe, but it is absolutely wrong to say that 8=6 and 4=3.  In special relativity, we do exactly this.  It is meaningless to use the transformation in equation (15) alone unless one also uses the time transformation of (16) as well.  Distance and time must always be considered together for these transforms to maintain any meaning.  In fact, the transforms were determined initially as equivalent expressions for c.  As such, we can say that the transforms are invariant as long as we take them in the same ratio under which they were created.  Thus we have:
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The metrics in (17) will always remain invariant for any inertial frame moving uniformly along the x axis with respect to another inertial frame.  


If we wish to consider motion in all three axes, then the distance from the origin to any point in a particular reference frame is given by s, where:
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It is more convenient notationally to square both sides of the metrics in (17), so we arrive at the following metrics for three dimensions:
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Equations (19) represent what is known in special relativity as the “invariance of the metric,” and it is only when taken in this ratio that the relativistic transforms have any meaning.


Thus we see that the relativistic metric is nothing more than a Galilean transformation of coordinates.  However, when one tries to apply the transformation independently to length and to time, one runs into trouble and obtains such non-appropriate behavior as length contraction and time dilation.  As in the case above when we proposed that 8=6 and 4=3, assume that 8 represents a distance (in arbitrary units) and 4 represents a time.  We could be tempted to say that the length 8 has been contracted to 6, and that the elapsed time 4 has been measured on a slower clock as 3.  Both these assumptions would be wrong, but the ratio of distance to time, the invariant metric, would remain the same.


So the Lorentz transform in special relativity is invisible for two reasons.  First, it is not real, anymore than 8=6 above, but is simply an algebraic manipulation of the ratio x/t.  Secondly, the fictitious effect on length in the moving frame is always accompanied by light travel to the non-moving frame in order for the effect to be seen or measured.  Thus all observations involve maintaining the metric, or the ratio x/c.  In any hypothetical experiment we propose and determine “the effect of length contraction” on the bodies in the moving system, that effect will be matched equivalently by “the effect of time dilation,” and the experiment will reduce to the form of equation (13) or equivalently equation (19).


A lot of literature has been developed over the so-called “special relativistic transformations.”  Explanations have been provided about how lengths contract and time slows.  Videos have been created showing how the objects in the moving frame “really appear” from the stationary frame, but, of course, they can never be seen to have these contortions because we must always take the ratio x/c to actually see them.  Low and behold, the contortions disappear when passed through the metric.  Special relativistic length contraction and time dilation do not exist, any more than 8=6 and 4=3.  The special relativistic series of transforms is an invalid representation of the Galilean transform, and can be used only if one is making a statement of the form ct = x or ct’=x’.  Any other statement under these transforms, such as the standalone statement x=(x’+vt’), has absolutely no meaning.  It is precisely equivalent to stating that 8=6 and must be avoided, using instead the actual Galilean transform of x’=x+vt.  This point becomes even clearer when we introduce the notion of the addition of velocities.

The Addition of Velocities Across Reference Frames
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Galilean Analysis of the Projectile

The projectile is configured to launch when the origins of K and K’ are coincident.  The velocity of the projectile, vp, is chosen so that it lands at point B in K when B and A are coincident.  A flash occurs when the projectile is launched, which can be seen by observers A and B after it travels at c to their respective locations.


From the figure, we have:
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We can also look at the light of the flash from the projectile launch, as we did in the previous section.  In this case, in K’ we have another observer, A1, located such that B will be coincident with A1 at the time B sees the flash.
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From this figure, we have the following:




[image: image32.wmf]vt

x

x

A

+

=

'

1



(7)




[image: image33.wmf]vt

x

x

ct

A

-

=

=

'

1



(8)




[image: image34.wmf]vt

x

x

ct

A

+

=

=

'

1

'



(9)




[image: image35.wmf])

1

(

'

)

(

'

1

c

v

t

v

c

x

t

A

+

=

+

=



(10)


Continuing on as we did in the first section, we can derive various expressions for c:
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The above is a derivation that appears to be performing a valid transformation between reference frames by continuous substitutions.  However, to illustrate the insignificance of this transform, consider the following derivation:
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In the above, the last expression holds since x/c = t so that also vt/c = vx/c2.  We have done nothing more in (14) than multiply c by 1 to get c.  However, if we make the error of assuming that the numerator in (14) represents an actual contraction of length, and that the denominator represents an actual dilation of time, we run into problems.  For example, we saw in (5) and (6) above how the velocities of the K frame and the projectile add to give the effective velocity in K’.  


We cannot take the relation in (14), which is only an expression for c, and apply it to any arbitrary velocity.  The reason is that the last transformation of x/c to t and vt/c to vx/c2 works only for the unique velocity c, or for the specific values of x and t that satisfy the relation x/t = c.  We can develop an arbitrary transformation that does work, as shown below:
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This transformation is not the same in the final term as we saw in (14) because we began with a different velocity, w, instead of c.  However, the result of (15) is equally insignificant with (14), by beginning with the fourth term in (15):
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As we would expect, w, when multiplied by 1, equals w.


However, special relativity takes the transform of equation (14) and treats it as though the numerator actually does represent a contraction in length and the numerator actually represents a dilation of time.  As a result, we get the following curious relations:




[image: image40.wmf]2

2

2

1

)

(

)

(

)

(

'

'

c

vv

v

v

c

t

vv

t

vt

t

v

c

vx

t

vt

x

t

x

w

p

p

p

p

p

p

p

p

p

p

p

+

+

=

+

+

=

+

+

=

=

g

g



(17)




[image: image41.wmf]2

2

2

1

)

(

'

'

'

'

)

'

'

(

)

'

'

(

c

vw

v

w

c

vwt

t

vt

wt

c

vx

t

vt

x

t

x

v

p

p

p

p

p

p

p

p

-

-

=

-

-

=

-

-

=

=

g

g



(18)

Equations (17) and (18) should be compared with (5) and (6) to see the significance of this result.  If one substitutes the expression for vp derived in (18) back into equation (17), equation (17) reduces to w = w.  
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This is also true of (5) and (6):
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So the relativistic transformation, though it says nothing meaningful about actual lengths and time in another reference frame, can be used without error as long as we always apply the reverse transformation before drawing any conclusions.  In this way, we are always saying, effectively, w = w.  Any paradoxes that the erroneous transformations introduce in another reference frame are removed as soon as we transform back to the reference frame of interest.  It is only when we stay in the alternate reference frame, which we have created through erroneous length contraction and time dilation that any paradoxes appear to arise.

A Closer Look at the Galilean Transform


We need to be certain that time, velocity, length and light speed all transform properly and consistently in the Galilean transform we have been considering.  
For a light signal, we have determined that the distance from the source divided by the time of travel from the source will always be c in any particular observer’s reference frame, thus we can state the following:
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Rearranging terms, we obtain:
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Since these expressions must be the same for a light signal, we should be able to substitute the relations between x’ and x and t’ and t derived earlier to obtain the desired result:
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We can carry this further and verify that we get the same value for light speed in each reference frame.  Beginning with the assumption that x/t = c for the K frame, we need to verify that this holds for the K’ frame:
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This is the desired result.  Now, in the first section of this paper, the light was traveling in the opposite direction of the motion of the K frame, and we had a different representation for the time, t’, that it took the light signal to reach the point x’ at which the moving observer saw the flash.  Thus we had:
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We can reconcile this as follows.  Let v1=-v.  Then we have:
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When we look then at the relation between frames for light moving in a direction opposite to that of the moving frame in the same manner as in equation (4), we obtain the desired result:
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It is important to realize that the relation between t’ and t as derived above for a light signal is not a transformation of time.  It is simply a realization that if light travels at a speed of c in K and also in K’, then the time at which the light reaches a particular point in K will be different than the time at which light reaches the equivalent point in K’ (x+vt).  If the light is moving in the same direction as K, the observer in K will see the light at x (or x’=x+vt) before the observer in K’ will see the light at x’.  The actual passage of absolute time in K is the same as in K’, as the Galilean transform requires.


The only remaining step is to ensure that the length of a given object in one reference frame transforms to an equivalent length in the other reference frame.  In another words, there should be no length contraction or distortion of any kind.  This is fairly straightforward.  Imagine a rigid bar in the K reference frame.  This bar has one end at x1 and the other end at x2.  We need to determine its length as measured in K’.  In order to do this, as Einstein suggested, we simply take a “snapshot” at any time t, and see what happens:
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